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JACK SYMMETRIC FUNCTIONS

(Integral) Jack symmetric functions J ia) give an orthogonal basis of the
ring of symmetric functions (in infinitely many variables z;), indexed by
partitions A and a deformation parameter @ € R. They are deformations of
Schur functions sx (a = 1).

Expressed in terms of the power-sum symmetric functions py := ZZ zk.

J{(Ts)}(p) = P} — 3pap1 + 2p3
J{((ll,)2}(p) = pi+ (a—1)pp1 — aps
JE;}) (p) = p}+ 3apapr +2a°ps
Long standing problem of understanding products:
Inde =) T (1)
5

The Littlewood-Richardson coefficients cJ ,(«) have a deep structure. E.g.
In the Schur case they capture the intersection numbers of Schubert
varieties in a Grassmanian.



STANLEY’S CONJECTURE

In [Stanley ’89], it was conjectured that the LR coefficients of Jack
functions exhibited striking properties:

(x - Ju, Jo) = Su(@) x || o] € Zxola]

Example: (JiaJi2, Ji23) = 6a*(2 4+ a)(1 + 2a)(2 + 11a + 202)

It’s since been proven [Knop-Sahi '96] that these are integral polynomials,
but positivity still open!

Stanley also provided a stronger version of this conjecture in the case where
3, (1) =1, here the LR coefficient should factorize as a product of linear
factors (hook lengths):

(Joz - Ja2, Jas) = 960° (14 a)*(2 4 a)?(1 + 2a)(1 4 32)(1 + 4a)(1 + 5a).

Strong version proved in several cases:
Pieri rule: (Jir - J,, J,) [Stanley '89],
Rectangular case: (J, - Ju, Jmn) [Cai-Jing ‘13] (also for m™ — 17)



NEW APPROACH: 1+ 1 DIMENSIONAL INTEGRABLE QFT

The Benjamin-Ono equation ['67,’75]:
Vg + VU, = gH[Uzz]

A 1+1 dimensional classical field theory describing deep water waves, for a
periodic field v = "7 v, ()" : S; x Ry — R. H is the Hilbert
transform (47 on + Fourier modes), a non-local operator.  is a dispersion
parameter, and € — 0 is the Hopf equation. The BO equation admits an
infinite family of integrals of motion, which are given in terms of the
following (semi-infinite) Lax matrix,

L(t) = T>0 (U(Ia t) - Zgax) = |lv_e w1 2

Theorem [Nakamura, Bock-Kruskal '79]: 3 a matrix M, s.t the Lax eqn
O:L = [M, L] is equivalent to the BO eqn.



CLASSICAL LAX EQUATION AND INTEGRABILITY

L is not functional class, so we can’t consider the usual tr(L"). Instead,
consider the top-corner matrix element of powers of L

n
tn = [L ]00
oo oo
to = g UnV—n, tz3 = HBO = g UnUn—mU—m + € 5 NnNunV—n
n>0 n,m=0 n=0

Theorem [Nazarov-Skylanin '13]: {¢,} are conserved quantities which
Poisson commute w.r.t {, }.



QUANTIZATION

Nazarov-Skylanin remarkably prove this classical statement via its
quantization! The classical field v(z,t), with modes that satisfy

{v-n,m} = iNdmn
is quantized to the gl, current o(z) = >, Vaz" with
Von, Vin] = Enbm.n
The modes of this current act on the Fock module
F =C[W,Vz,.. ]

with Vx>0 via multiplication and

0
Vop = hka—vk



QUANTUM LAX OPERATOR AND INTEGRABILITY
Definition: The Nazarov-Sklyanin Quantum BO Lax operator

0 i Va2 Vs
V_1 5 Vi Vo ooo--
L= Vo V_4 2 ‘/E ce. (2)
V73 Vfg Vfl 3 R

acting on the extended Fock module H = F ® C[w].

_ 0 0
L=L(hE) =m0 w  Vithy kwka—vk +Ewo
k k

Theorem [ Nazarov-Sklyanin 2013 ]: The operators T, = [£"]oo are a family
of commuting quantum Hamiltonians acting on F, that quantize the
classical hamiltonians ¢,,.

To=hN=> ViVon,  Ts=Hmpo= i ann,mv,m%invnv,n

n>0 n,m=0 n=0



SPECTRUM OF QUANTUM HAMILTONIANS

Let

T =[] =D u "

n>0

Theorem | Nazarov-Sklyanin '13, Macdonald for 73 | The operator
T(u) : F — F decomposes F into eigenfunctions jy satisfying

T (u)jr = Tr(u)jx

® jyn~ J are Jack symmetric functions with « related to g, i with a
A
slightly different normalization: using Vi = (—&2)pk, and

a(Ver, e2) = (—e2) . glo=—e1/=2) ()

which gives e.g.

ji2(Vlei,e2) = VP + (e1 +e2)ViVa 4+ €162V3 € F3



PARTITIONS, PROFILES AND MINIMA

For a partition A of an integer n, we draw the following profile:

A=(1,1,2,2,2,3,6) = (12,2°,3,6)

s=(5,1)

Eo e 0 &1
E=¢€1 + €2
ﬁ:—Elsg

] = Bea + 1e

A made up of boxes s, indexed by the bottom corner grid point. Skewness
of the profile given by two anisotropy factors, e2 < 0 < e1 € R.

Set of minima of the partition profile: min A\. The content of the box at s is
[s] := s.(e2,€1). The deformation parameter is o = —e1/ea.



SPECTRUM OF QUANTUM HAMILTONIANS 11

Theorem [ Nazarov-Sklyanin 2013 | The family {7,} (w/ € = &1 + €2,
h = —e1e2) is diagonalized on Jack symmetric functions,

T(u)ix = Ta(u) - jin

where

T = [[7-1s), Ti(u) := [0,1))
[Licmin(u—[s])°

_ i 73 := Res U

= > X = Res Thw)

u — [S} ’ u=[s
s€Emin A

Note: ja is not an eigenvector of L.
Residues are Kerov’s well known transition measures :

75 = [s] "7 = Res u” ' Th(u), ZT; =1

u=(s]



SPECTRUM OF QUANTUM HAMILTONIANS 11

_ (u[0,0)(u—[1,1])
T1(u) = G=mon—To1)

N\
No

1,2y (w) = Ta (u)Ta (u — [1,0))T1 (u — [0,1]) = L=fpghtelipefia)

7NN



SPECTRAL THEOREM

Our new work begins with a deeper study of this quantum Lax operator.
Note that £ commutes with the total grading operator ' + wd,,. Let
Hn = (F ® Clw])n be the graded components.

Spectral Theorem [M.-Moll ’22]: The eigenvectors of £ on H,, are given by
orthogonal states
3 for A € Part(n),s € min A

with
L3 = [slP3
Furthermore, these can be normalized such that (o : projection onto w®)

ToYx = Ja

e.g.
wgo’l) = js+ (52\/12 + e1e2Vo)w + 2618 Viw? + 25%52103

LYY = eap™?

Conjecture (in-progress) 3 € Z[V,w,e1, €2].



The cyclic subspace of H,, generated by jx under the action of L, is given by
Z)\ = Z(j)\v ‘C) = Spa‘nsemin ﬂ/’i

. B < —1 Ac
= Z YA € 2, T = [s]7 X
s€min A

Coefficients of Jacks in Lax eigenfunction basis are transition measures!

These cyclic subspaces give us a decomposition of the graded Hilbert space
H'n = @ Z}\
AePart(n)

This is the first of three such decompositions.



SPECTRAL THEOREM: Z DECOMPOSITION OF H4

4,0 3,0 2,0
1!1( ) 11)52 2) 11(2 ,0) ID( ) 1}[)(1 .0)
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R R @ @ &



THREE DECOMPOSITIONS

The second decomposition is given by the splitting into eigenspaces
ys = {"l}i})\:sEmin)\

Example:
V&0 =yl @yl

Ho =Py

sEN2

We have



SPECTRAL THEOREM: ) DECOMPOSITION
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ACTION OF w

The third decomposition involves the action of w on Lax eigenvectors

Theorem [M. ‘22]

s __ T; S t
w -y = Z m¢/\+s

tEmin A\+s

(recall [s] = s.(e2,€1) )
Notice that w - Y3 € Zx4s.

Corollary:
- Z N wM— A
HCA
e.g.
P = js + (e2)jow + (2e182) 1w’ + (2e3e2) jow



THREE DECOMPOSITIONS

So for v € Part(n + 1), define
X,= @B CycHa 3)
(X,8): A +s=v
As a consequence of our w theorem, we find w - X, C Z,. In fact

Z,=Cj,ow- A&,

Ho= P x

[v|=n+1

Third decomposition:

Note that any two of these subspaces of H,, have at most one-dimensional
intersection, in which case

ZyNY N Xis = Cyx



SPECTRAL THEOREM: X DECOMPOSITION
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THREE DECOMPOSITIONS
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THREE DECOMPOSITIONS
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THREE DECOMPOSITIONS

4,0 3,0 2,0

1,[’( ) ?f)gz 2) ﬁ (2,0) w( ) 1}/)(1.0)

| L] /]
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ProbpucTts

(more on these decompositions in a moment)

Returning now to the original question of products of Jack functions

inde =Y i (4)

~

In [M.] it is suggested to approach this problem by considering the products
of Lax eigenfunctions

t St
YR gL =D L (5)
You

This recovers the Jack LR coefficients under mg.



REFINED PIERI RULE FOR LAX EIGENFUNCTIONS

E.g. using our result for wi, we find the simplest % product:

v s _ [*’U”S*'LL*'U+(1,1)} u u
’(p{l} w)\ - Z [S — U] [S —u+ (17 1)} 7'>\+s¢/\+s
w€min A+s
+ Z Tf\wi-&-t
tEmin \,t#s

mo of this recovers the simplest ‘Pieri rule’ for Jack LR coefficients [Stanley

’89, Kerov 93]
Jay - a = Z X Jase
tEmin A

Big theme: Relationship between Jack LR coeffs and residues of rational
functions.



FUNCTIONALS

But what do we gain by enlarging this algebra? Is this any simpler?

We saw that when we project the eigenfunctions 45 onto w® ( o, i.e. set
w — 0), we recover the Jack functions jx. We can also consider the map .
which takes the coefficient of the top power of w on each graded component
(i.e. set all Vi — 0,w — 1).

We can show
=[] [ =I5 (Vialin)
tEX+s,t#£(0,0)

Recall the NS result (which is about 7o)

o ga =T (u) - ja

U
u—L
On the other hand, we can show a complementary result about 7.:

1

Trx
w—

792 = (Ta(w) = 1) (Vinilsx)

Gn=uT Taw) - ga e  (Ta(u) = 1) ([Viaglia)w™

u—L



FUNCTIONALS

We define the ‘y-trace’ as a linear functional on ( € H = F ® Clw].

yu(€) := 7. ¢ € Ceen(u),

u—L

We change normalisation for our basis vectors to make expressions simpler
under 7y:
P =YX/mYX, Ix = 5a/([Viaglin)

5= Refs] T (u) = [s]7x

With these new normalisations, we have




FUNCTIONALS
Although the general form of ¥ products are quite complicated, the
y-traces are surprisingly simple

Theorem (M. ’22)

where

Thwv (u) = H Ti(u—[a+1])
acEN,bev
(u—1[0,0])(u — [1,1])

Tl = L o) (w = [0.1])

* =
[




FUNCTIONALS: STAR PRODUCT

Example:

T{1,2}*{1,2}(U) =
(u— [3,1]) (u — [2,2))*(u — [1,3]) (u — [1,0]) (u — [0,0])(u — [0, 1])

(@ —3,0)(u—[2,0)(u — 2 1) — [L1])(a—[1,2])(u— [0, 2])(u — [0,3)
© C No

J0) 22,00y _ L{23aq1,23 (0)
(1/’1 1/) ) (U - [3, 1])



UNIQUE MINIMA

Note there is a kernel: if both A\; and A2 have s as a minima, then
Yu (wil - 1/J§\2) =0
so the y-functional formula only constrains the 1 product.

However, it does determine some coefficients: when a minima s appears
only in one particular partition of size n (in which case we call s unique).

The minima (8,0) on v = {1°} and (6 — 1,0) on v = {1°~!, 2} are unique.

If § = mn — 1, then (m — 1,n — 1) is unique on v = {m — 1,m""'}. We call
such v sub-rectangular partitions (rectangular minus one box).

If v is a unique minima, on a partition ~y, then

1@?%/33=--~+£€E§](yu(1ﬁi1ﬁi))1ﬁ§+---



RETURN TO JACKS
Recall 75 = D scmina #5493, so

s€min A\,tEmin v

NN

= Tho(u) Z %

s€min \,tEmin v

So we apply y. to the Jack product expansion (now normalized by
Ix = Jx/([Valin))
W= &y (6)
¥

we find an equality of rational functions

va (rdv) = D& ,vu (i) (7)

»
Asat
N - pev -
Truw (u) ) '§e =i N g mw-1  @®)
secmin y min v vy

Note: This determines all ¢} , for |y| < 7. But this formula is cumbersome.



MORE FUNCTIONALS

We can do better. To say more, we’ll need more functionals.
We already saw the y, trace, which measures projection onto )" subspaces
y (€)= Res yu(Q) = mPyr¢

We can also consider two other traces made out of projections on the other
two decompositions of H,,:

ZA(C) = ﬂ'*PZ,\ C7 X'Y(C) = W*PXWC7 (9)

All of these are maps from H — R := C(e1,¢2).



MORE FUNCTIONALS
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MORE FUNCTIONALS

We combine all these traces into

Trp i= ByXy Br Yy Dx 21
which sits in an exact sequence
ker Tr,, — Hn h RP(D (&) RI™ &) RP™ s coker Tr,
(R :=Cl(e1,e2))
Easy to see that ker Tr,, is given by expressions of the form
ng’b’c = Ppsa — Pras T Uhie — Vnra + Vs — Prrse
where a,b,c € minn with |[n| =n — 1.

More on the cokernel shortly.



SPECIAL ELEMENTS

The formula
T (U)

Yu (12;7/:’3) = ma

can be written alternatively as
Yu (5;’;) = TA*V(U) -1
where o
3= (L= [s +t]) (i) € Hinj4ivl-
These turn out to be extremely interesting elements of the algebra:

Theorem (M.)
Tr(ﬁitu) is given by

X (BU0) =0, ¥y (BYY) = Fuwy 20(BYL) =~

This implies that elements in coker Tr,,, i.e. relations between x-,y", zo,
give relations between the Jack LR’s ¢5 , and the residues 73, !



THE COKERNEL: EXAMPLES

The following is a relation in coker Trg:

Z123 — y(370) _ y(2,1) _ y(1»2) _ y(073) + X193 + X34 + Xy34 =0

GO
1 Xy g : e
oy - Ziaa
Xia P2
- = YO
Applying this to Tr(8]5",) gives,
123 L(3,0) | A(21) | ~(1,2) | A(0,3)

—Ci2,12 = Tiax12 T Tiair2 + Ti2i12 T Ti2i12

_ _ (u=[3,1)(u=[2,2])? (u—[1,3])(u—[1,0]) (u—[0,0]) (u—[0,1])
Tizaaz(u) = (u—[3,00) (u—[2,0]) (w—[2,1]) (w—[1,1]) (w—[1,2]) (u—[0,2]) (u—[0,3])

and we can easily compute:

(1212, j123) = 6a* (24 a)(1 + 20)(2 + 11a + 2a7)



THE COKERNEL

Theorem [M.]: coker Try, is given by the span of the residues of the rational
function

Ca(w =yu= > % (Zu—lm>+;“ (Zu—l[s]>' (10)

yFEn+1 tey SEX

[Note: easy to check this holds for Tr(3), just need to show that this
exhausts the cokernel]



MAIN RESULT

Applying this full cokernel relation to the trace of the 8 element, i.e.
Chrn(u)(Trn( f\i)), yields the following striking relation

o > u%[s] = Ty (1) — 1. (11)

yEnip,rCy s€v/(nUv)

.. . . t .
This is a two-parameter generalization of Kerov’s result (cl‘:t = Tﬁ), ie.

Z et (u j [ﬂ> =T (u) — 1. (12)

tEmin p




A PECULIAR MAP

Another way of phrasing this previous result is in terms of the following
map on symmetric functions A : A — Q. (u), defined on the basis of
(integral) Jacks as

1
A(Jy) = wa Z g where @y := [pz]Jx = H [s]. (13)
SEA seEXX
This map satisfies
A(a]ﬂ : <]7/> = WpWy (Tp*u(u) - 1) . (14)

Note: Not clear how to prove this simple statement without using L.



ExpricT LR FORMULAE: RECTANGULAR UNIONS

With this identity we can find explicit expressions for certain Jack LR
coefficients.

Let p be arbitrary, and m™ be a rectangular partition. Let ¢ Um" be the
union of the two partitions (as collections of boxes), and & be the reverse of
(LUm™/u), (i.e. rotated by 180 degrees).

—

Ii<imy s

ApuUm™ _
CH’; - resu:[nfl,mfl]T,u*?(u)

Corollary:



STANLEY’S CONJECTURE

Conjecture [Stanley 89]: if ¢}, (1) = 1, then there exists choices of U/L
hook lengths

(Judv, Jy) = H hU/L(a) H hU/L(b) HhU/L(c)

acp bev cey

Even though we have an explicit form of the LR coefficient for the
rectangular union case, its not obvious that such an expression in terms of
hook lengths exists.

Theorem [Alexandersson-M ’22] The strong Stanley conjecture holds in the
rectangular union case.

Agrees with rectangular case from [Cai-Jing '13] where p C m™.



SUMMARY 4+ FUTURE DIRECTIONS

Results:

[M.-Moll] Spectral theorem for Nazarov-Skylanin Lax L.

[M.] Structural theorems about algebra of eigenfunctions (y-trace,
properties 3 elements), cokernel relation.

[Alexandersson-M.] Strong version of Stanley conjecture for rectangular
unions

To do:

Show polynomiality of 13 (in-progress) + more algebra structure.
Corresponding statements for Schur functions, LR coeffs.
Further progress on Stanley’s conjectures.

Extend to Macdonald polynomials. (g,t) analogue of £ was described
in [Nazarov-Sklyanin 2019].

Understanding of 3 in relation to equivariant geometry of Hilbert
scheme Hilb,, (C?).

Thank you!



